We point out that in the deep band-inverted state, topological insulators are generically vulnerable against symmetry breaking instability, due to a divergently large density of states of 1D-like exponent near the chemical potential. This feature at the band edge is associated with a novel van Hove singularity resulting from the development of a Mexican-hat band dispersion. We demonstrate this generic behavior via prototypical 2D and 3D models. This realization not only explains the existing experimental observations of additional phases, but also suggests a route to activate additional functionalities to topological insulators via ordering, particularly for the long-sought topological superconductivities.
Interestingly, topological insulators are often found to be accompanied with additional symmetry breaking phases. For examples, Cr-doped Bi 2 (Se x Te 1−x ) 3 is found to enter a magnetic phase [11] , allowing the realization of the long-sought quantum anomalous Hall effect [12] . Another example, the charge density wave instability by the chiral symmetry breaking in the 3D Weyl semimetals, made by the topological insulator multilayer [13] , has been proposed to form axion insulators, with the dissipationless transport on the axion strings [14] . One thus wonders "Is there a generic reason for the strong tendency toward symmetry-breaking instability in the topological insulating phase?" and "How should one apply it to realize new quantum phenomena and to tailor their unique functionalities?" Perhaps the most exciting possibility is to realize the topological superconductor [2, [15] [16] [17] [18] [19] [20] . The edge state of a topological superconductor has a peculiar nature that it is its own anti-particle, a special particle named Majorana fermion [15] . The Majorana fermion has some exotic properties that make them scientifically interesting, such as the non-Abelian statistic rather than the BoseEinstein statistic of the bosons or Fermi-Dirac statistic of the normal fermions [21] . This also allows them to be used for practical applications, such as to create Majorana qubits and to realize the topological quantum computation [22] [23] [24] . So far, the main thinking of the field is to utilize the superconducting proximity effect to create topological superconducting state at the interface between a topological insulator and a fully gapped superconductor [25] . However, it would be highly desirable to also explore the intrinsic bulk superconducting instability of doped topological insulators.
In this letter, we point out a generic feature in the topological insulating phase that renders the electronic system vulnerable against symmetry-breaking instabilities. Deep into the topological phase, the inverted band unavoidably develops a Mexican-hat dispersion that gives rise to a novel van Hove singularity (VHS) [26] at the band edge in both 2D and 3D. In essence, the geometry of the Mexican-hat dispersion hosts a singular density of states (DOS) with a 1D-like divergent exponent. In doped systems, this may also cause a Lifshitz transition-a change of Fermi surface topology, involving appearance of additional disconnected Fermi sheets with characteristic shapes. In the absence of Fermi surface nesting, the divergent DOS would particularly enlarge the phase space of the Cooper pairing channel and favor the superconductivity. These generic features, which we will demonstrate with prototypical 2D and 3D models, not only explains the observed broken symmetry states in many topological systems, but also suggest a clear route to activate additional functionalities, particularly the long-sought topological superconductivity.
We start by examining the evolution of the electronic bands structure across the topological phase transition via a band inversion. For a 2D system, we use a subblock of the BHZ model that drops the spin degree of freedom [27, 28] . It represents the simplest topological insulator (the Chern insulator) with the bands inversion scenario:
(color online; arb. unit.) (a) Evolution of the band dispersion according to the Eq. ( 3), (b) The change of the DOS for 2D system and (c) for 3D system, from a normal insulator (M < 0) to a topological insulator (M > 0). Each column is labelled by the mass term at the top, and the length of the double-headed arrows describe the band gaps given at the bottom. When the band demonstrates Mexican-hat dispersion at M > 1, the DOS diverges at the band edge ∼ |ω| −γ with a 1D-like divergent exponent γ = 1/2. The regular VHS corresponding to the tip of the Mexican hat (an additional step function in 2D and square root function in 3D), can also be observed at |ω| = 1.8 in the right most panels.
Egap |ω| 1 2 TABLE I. Different analytical limit of the DOS at the band edge from a normal insulator (M < 0) to a topological insulator (M > 0). With a Mexican hat band, the DOS diverges at the band edge with a 1D-like exponent, for both 2D and 3D systems. The 3D DOS is also proportional to the radius-KM of the bottom sphere of the Mexican hat dispersion (cf. Fig. 2 ).
where
and σ a 's are the Pauli matrices. Note that all models of Chern insulators can be reduced to the similar form [28] . The dispersions of this two-band system are E ± = ± | d| 2 . Near the band inversion point (set as |k| = 0), the Hamiltonian is, up to the 2nd order of
with the dispersions:
y . For generic 3D cases, we use the simplified model of the topological insulator family including such as Bi 2 Se 3 crystal, which had been realized in the experiments [30, 31] :
where k ± = k x ± ik y . The resulting dispersions have the same form as Eq. ( 3), but with k Figure 1 summarizes the evolution of the band structure and the corresponding DOS's, from the topologically trivial phase (M < 0) to the topologically non-trivial phase (M > 0) in both 2D and 3D. As expected, at the phase boundary (M = 0) a metallic state is guaranteed [4] [5] [6] . Near the Dirac point, where two bands coincide in energy, the dispersion is linear and the DOS approaches zero.
Notice that deep into the topological phase (M > 1), the system develops a Mexican-hat band dispersion. This development of band structure is easily understood from Fig. 2 . When the band inversion is stronger than the gap opening between the two bands (2M > E gap = 2 · min{|E(k)|}), the dispersion unavoidably evolves into a Mexican hat. Obviously, the development of such a feature is generic in all band-inversion scenarios and has in fact been observed in various numerical studies [31] [32] [33] The appearance of the Mexican-hat dispersion has important physical consequences. For example, the DOS,
becomes divergent at the band edge. Here, ω is the energy measured from the band edge, the factor 2 accounts for the spin degree of freedom, and D = 2, 3 for 2D and 3D cases, respectively. Indeed, Fig. 1(b)(c) and TABLE I show that the DOS's for both 2D and 3D topological systems diverge at the Mexican hat band edges with the divergent exponent, γ = 1/2. This divergent rate of the DOS is the same one found at the band edge of a regular1D system. Actually, these 1D-like divergent DOS's are consistent with several recent experimental observations [34] [35] [36] .
Such singular DOS's suggest that deep into the topological insulating phase, systems with band inversion are intrinsically vulnerable against symmetry breaking instabilities. This is because of the proximity of the chemical potential to the DOS singularity due to the smallness of the band gap or the intrinsic doping of the systems. For systems with near nested band structure, this may
. . . lead to charge density wave or spin density wave states. Otherwise, more generally, this would enhance the instability in the q = 0 channel, such as ferromagnetism or superconductivity, since their bare susceptibility are proportional to the DOS at the chemical potential [37] . This offers the most natural explanation of the recent observation of additional superconducting instability in the topological phase [38, 39] . Compared to the recent proposal of interface superconductivity in topological crystalline insulators with flat bands [40] , the bulk superconductivity created via the Mexican hat in doped topological insulators has its advantage. While it does suffer from low carrier density, the potential drawback of smaller phase stiffness [41] [42] [43] , should be compensated by the large kinetic energy (the relative big band width) and the bulk nature of the superconductivity. In essence, in terms of the superfluid behavior, it would be in the same regime as the underdoped high-T c cuprates.
Fundamentally, notice that the VHS created by the Mexican hat is a qualitatively new class of VHS on its own, different from the known ones [26] . Originally, based on the Morse theory and the quadratic dispersion of the momenta, the singular DOS is characterized by the non-degenerate extremum or saddle point [26, 29] , which at most, can lead to a kink in 3D or a logarithmic divergence in 2D in general. Only in the rare case of the flat bands (here as M = 1), it is possible to realize more singular DOS caused by the quartic dispersion. On the other hand, the Mexican-hat dispersion hosts the degenerate extrema at the bottom of the hat band, in addition to the common non-degenerate extremum at the tip of the Mexican hat. The former gives rise to the 1D-like divergent behavior of the DOS and the latter produces the regular VHS, an additional step function in 2D and square root function in 3D (cf. the right most panels of Fig. 1 ). Although at the band edge, the dispersion relations can still be approximated by the quadratic momenta, the degenerate extrema (a ring in 2D and a sphere , is proportional to the density of state at the chemical potential.
Here vF is the Fermi velocity and ωD is the Debye frequency. This indicates a singularly large DOS near the chemical potential µ would directly enhance the pairing instability.
